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A FUNDAMENTAL THEOREM FOR SUBMANIFOLDS OF 
MULTIPRODUCTS OF REAL SPACE FORMS 

MARIE-AMELIE LAWN AND JULIEN ROTH 


Abstract. We prove a Bonnet theorem for isometric immersions of submanifolds into the 
products of an arbitrary number of simply connected real space forms. Then, we prove the 
existence of associated families of minimal surfaces in such products. Finally, in the case of 
S 2 X S 2 , we give a complex version of the main theorem in terms of the two canonical complex 
structures of § 2 X § 2 . 


1. Introduction 

It is a classical problem of submanifold theory to determine when a Riemannian manifold ( M n ,g ) 
can be immersed into a fixed Riemannian manifold (M n+P , g). The well-known Gauss, Ricci and 
Codazzi equations relate the intrinsic and extrinsic curvatures, and any submanifold of any Rie¬ 
mannian manifold must satisfy them. Conversely, the classical Bonnet theorem |T] states that on 
a surface, given first and second fundamental forms satisfying the Gauss and Codazzi equations, 
this surface is locally embeddable into the Euclidean 3-space R 3 . This result can be generalized 
to higher codimension [10], and the classical Fundamental Theorem of Submanifolds states that, 
in fact, the Gauss, Codazzi and Ricci equations are necessary and sufficient conditions for a Rie¬ 
mannian n-dimensional manifold to admit a (local) immersion into a space of constant sectional 
curvature of dimension n + d. 

If the ambient space is not of constant sectional curvature, proving fundamental theorems is tech¬ 
nically difficult and there are few results known. Moreover, the Gauss, Codazzi and Ricci equa¬ 
tions are in general not sufficient anymore and other conditions are required in order to produce 
the immersion. In [3], Daniel gave such a characterization for surfaces in the three-dimensional 
Thurston geometries with four-dimensional isometry groups, by computing the Christoffel sym¬ 
bols explicitly and using the technique of Cartan moving frames. In higher dimensions, he also 
stated in [2] necessary and sufficient conditions for an n-dimensional Riemannian manifold to 
be isometrically immersible into the products §" x R and H” x M, also using the moving frame 
technique. This allowed him to study the existence of associated families in the case of minimal 
surfaces. This result was later generalized by the second author [9] in the case where the ambient 
space is a Lorentzian product. Very recently, Ortega and the first author [7[ proved fundamental 
theorems characterizing immersions of hypersurfaces into (quasi-)Einstein manifolds, specifically 
Robertson-Walker warped products. These spaces play an important role in standard models 
of cosmology, arising as solutions of the non-vacuum Einstein equations, and have therefore 
a great importance in Lorentzian geometry. As an application, conditions were obtained for 
3-dimensional hypersurfaces in Robertson-Walker spacetimes to be foliated by surfaces whose 
mean curvature vector is either lightlikc or zero (including maximal surfaces, marginally outer 
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trapped surfaces (MOTS), and mixed cases), hence providing an helpful tool for the study of 
horizons on Robertson-Walker spacetimes with spacelike or timelike causal character, including 
marginally outer trapped tubes. 

Extending the result of [2j , Kowalczyk and Lira-Tojeiro-Vitorio proved independently in [6] and 
[8] the existence and uniqueness of isometric immersions in a product of two spaces forms of 
constant sectional curvature. In this paper we generalize their result to immersions into multi¬ 
products P = Mi x • • ■ x M m of real space form of arbitrary dimension and arbitrary sectional 
curvature. The key idea is to use the projections 7r», * G 1 ,m into each of the factors of the 
product. Each projection induces then two operators on the tangent bundle and two operators 
on the normal bundle of the submanifold satisfying some properties and some compatibility 
equations which can be deduced from the Gauss and Weingarten formulas of the immersion. We 
prove that, conversely, these conditions together with the Gauss, Codazzi and Ricci equations 
are necessary and sufficient conditions to immerse a Riemannian manifold isometrically into such 
an ambient space. 

As an application we then prove the existence of a one-parameter associated family of isometric 
immersions for minimal surfaces in multiproducts. Finally we consider the special case where 
the ambient space is S 2 x S 2 and give a complex version of our fundamental theorem in terms 
of the induced complex structures. 

The authors want to thank F. Torralbo for helpful discussions. 


2. Multiproducts of space forms and their submanifolds 

We consider the product space (P = Mi x ■ • • x M m ,g = gi © • • • © g m ) where (Mj, g t ) is the 
simply connected real space form of dimension rq and constant sectional curvature cq. Moreover, 
without loss of generality, we assume that c,; ^ 0 for i G {1, ■ • • , m — 1} and that c m may possibly 
be zero. We denote by 7q the projection of any tangent vector X on TMk- These projections 
satisfy the following relations 

' gfcX, Y ) = g(X, 7r, Y) for any X, Y G T(TP), 

° TTi — 7T^, 

7T,; O TTj = 0 if 1 ^ j, 

V7Ti= 0, 

rank(TTi) = rq, 

. EZi^= ld TP- 

Moreover, the curvature tensor of P is given by 

m 

(1) R(X, Y)Z = Y J C - [W KiZhiX - (mX, TTiZ^iY]. 

i= 1 

Now, we consider a Riemannian manifold ( M n ,g) isometrically immersed into P. We denote by 
NM the normal bundle and by the normal connection and by B : TM x TM —> NM the 
second fundamental form. For any £ G NM, Aj is the Weingarten operator associated to £ and 
defined by g(A^X, Y) = g(B(X, Y), £), with X, Y vectors tangent to M. 

For any i G {1, • • • ,m}, the projection 7 q induces the existence of the following four operators 
fi : TM TM, hi : TM ->■ NM, s t : NM -)• TM and U : NM NM, such that 


(2) 


7 TiX = fiX + hiX and 7 r»£ = s£ + U£. 
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From the symmetry of the 7 t*, we obtain that, for any i 6 {1, • • • , to), fi and ti are symmetric 
and for any X G T(TM) and £ G T(NM) 

(3) g(h i X,Z)=g(X,a i S). 

m 

In addition, from the fact that 7q = Id T p, we get the following identities 

»=1 


(4) ^2 ft = Id T M , = Id E , ^2 Si = 0 and X! hi = °- 

i -1 i-1 i =1 i=t 


Moreover, we have the 
7 Tj O 7 Tj = Sj 7 Tj 

(5) 

( 6 ) 

(7) 

( 8 ) 


following relations between these operators coming from the fact that 

fi 0 fj + Si o /y = St fi, 
ti o tj + hi o Sj = SjU, 
fi o Sj + Si o tj = Sjsi, 
hi o fj + ti o hj = 5?hi, 


where Sj is the classical Kronecker symbol, that is, 1 if i = j and 0 if i ^ j. Moreover, from the 
fact that 7 Ti is parallel, we deduce easily that for any X, Y G TM and £ G NM, we have 


(9) VxifiY) - MVxY) = A hiY X + Si (B(X,Y)), 

(10) ^x(h t Y) - hi(V x Y) = U(B(X,Y)) - B(XJ,Y), 

(11) Vi(tjO-ti(ViO = -B(s i ^X)-h i (A i X), 

(12) Vx(«iO - «i(V^0 = —fi(A^X) + A tii X. 


Finally, from the expression for the curvature tensor R , we get the following Gauss, Codazzi and 
Ricci equations 


(G) 


R(X,Y)Z = J2' 


(f i Y,Z)f i X-(fiX,Z)f i Y 


+ A B (y,z)X - A B ( X ,z)Y, 


(C) 


(V X B)(Y, Z) - ( V Y B)(X , Z) = J2 C * 


i =1 


(fiY, Z) hiX - (fiX, Z) hiY 


(R) 


R 


~{X,Y)f = J2a 

i= 1 


(hiY,S)hiX-(hiX,S)hiY 


+ B(A^Y,X) - B(A^X,Y). 


3. Main result 

Now, conversely, consider ( M n ,g ) a Riemannian manifold and E a d-dimensional vector bundle 
over M endowed with a metric 7j and a compatible connection V. Moreover, let B : TM x 
TM — > E be a symmetric (2, l)-tensor and fi : TM — > TM, hi : TM — > E and ti : E —> E 
be some (1, l)-tensors for i G {l,--- ,m}. We define s, as the dual of hi with respect to the 
metrics g := g (Bg on TM © E, that is, for any X G T X M and £ G E x , 

g x (hiX,ff) = g x {X, Si £). 
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Finally, for any £ G T(E), we define by 

(AeX,Y) = (B(X,Y),Z), 

for any X,Y G T(TM). Following the discussions of Section [2] we introduce now the following 
natural definition. 

Definition 3.1. We say that (M,g,E,~g,'S7 ,B, fi,hi,ti) satisfies the compatibility equations for 
the multiproduct P = M\ x • • • x M m if 


i) fi and fi are symmetric for any i G {1, • • • , m}, 
ii) for any i G {1, • ■ • , m}, Equations (|4 |) - (fTT1) are satisfied, that is, 

m mm m 

y f), = pitm, yu=ids, an d y>hi=o 

2=1 2=1 2=1 2=1 

fi ° fj +SiO hj = Sj fi, 

ti o tj + hi o sj = Sjfi, 

fi o Sj + Si o tj = 5{si, 

hi o fj + U o hj = Sj hi, 

V A :(fiY) - fi(V x Y) = A hiY X + Si (B(X,Y)), 

X x (hiY) - hi(y x Y) = U(B(X, Y)) - B(X, fiY), 

- tfiVxO = ~B{s l f,X) - hfiA^X), 

Hi) the rank of iti is Hi for any i G {1, • • • ,ro} and Y^Li n i = n + p,, and 
iv) the Gauss, Ricci and Codazzi equations ©, 0 and m are satisfied. Namely for any 
X, Y, Z G Y(TM) and any £ G r(S), 


R(X,Y)Z = y, 


2=1 


(fiYiZjfiX-ifiXiZjfiY 


+ A B (y,z)X - A B ( X ,z)Y, 


(' V X B)(Y ., Z) - (X y B)(X, Z) = y< 


(, fiY , Z) hiX - (fiX, Z) KY 


R(X,Y)Z = y t 


(hjY, £) hiX-(hiX,S)hiY 


+ B(A i Y,X)-B(A i X,Y), 


where R is the curvature associated with the connection V. 


We can now state the main result of the paper. 

Theorem 3.2. Let (M n ,g) be a simply connected Riemannian manifold and E a d-dimensional 
vector bundle over M endowed with a metric 7j and a compatible connection . Moreover, let 
B : TM x TM —> E be a symmetric (2,1 )-tensor and fi : TM —> TM, hi : TM —> E and 
ti : E —> E be some (1, l)-fensors for i G {1, • • • , to}. If ( M, g, E,~g, V, B, fi, hi, tf) satisfies the 
compatibility equations for the multiproduct P = M\ x • • • x AI m then, there exists an isometric 
immersion <p : M —> P such that the normal bundle of M for this immersion is isomorphic 
to E and such that the second fundamental form, the normal connection and the projections on 
each factor o}TP\m are given by B , V and (fi,hi,U) respectively. Precisely, there exists a 
vector bundle isometry : E —> (ip(AI)) ± so that 

7 Ti(tp*X) = MfiX) + $(hiX), 
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7 Vi(<p£) = 

Ilf = <p o B, 

= <^v. 

Moreover, this isometric immersion is unique up to an isometry of P. 

Our approach to prove this theorem is not based on the moving frame technique, but is in the 
spirit of and uses techniques introduced in [2] and [5J- 

Proof: We give the proof for the case c m ^ 0, the case c m = 0 can be proved analo¬ 
gously with minor changes. First, for any i £ {l,...,m}, let us denote by Ei a trivial line 
bundle over M equipped with the Euclidean metric, if c, > 0, and minus the Euclidean metric, 
if a <0. We consider the vector bundle F over M, 

m 

F = TM®E © Ei, 

i=1 

defined by the orthogonal Withney sum of Riemannian vector bundles. We denote by g the 
metric over F obtained from g, ~g and the metrics on each Ei. For any i £ {1 ,...,m}, we 
consider a section of E, such that gifi, fi) = yr- We introduce now the following connection 
on F, denoted by D 

m 

D X Y = VxF + B{X, Y)-J2 <X9(fiX, Y)&, 

2=1 

m 

D X V = v xV - A u X - ^2 ag{hiX , v)^i, 

2=1 

Dxti, = fiX + hiX, 

for any vector fields X, Y tangent to M and any section v of E. 

Lemma 3.3. The connection D is compatible with the metric g. 

Proof: This comes easily from the definition. Let X,Y, Z £ T(TM), v,g £ r(E'). We have 

Xg(Y,Z) = Xg(Y,Z) 

= g(XxY,Z)+g(Yy x Z) 

= g(D x Y,Z)+g(Y,D x Z), 

since the tangential parts of D X Y and D X Z are S7 X Y and S7 X Z respectively. Similarly, we 
have 


Xg(v, g) = Xg{u,r]) 

= 9{^ x v,ri)+g{u,Vjtri) 

= g{D x v, ??) + g{v, D x r \), 

since the normal parts of D x v and D x rj are and respectively. Moreover, we have 


m&ti) =o 


9(fiX + hiX ,&) + g(fi, fjX + hjX) 

g(D x £i,£j) +g(&,D x £j). 
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Finally for mixed terms, we have 

xm , Y ) =o 

= g(fiX,Y) - Cig(Zi,Zi)g(fiX,Y) 

= g(fiX + hiX, Y) + g V.Yh + B(X, Y) 

= g(D x £i, £j) + g{£i, D x £j), 


Y,Cig{fiX,Y)ii 


and 


XMuv) =0 

= g(hiX, v) - ii)g(hiX , v) 

( m 

£i, x x v - A V X - ag{hiX , i/)& 

*=i 

= g(Dx(,i,v) +g{(,i,D x v). 


By bilinearity, we get the property for any sections a and /? of F. □ 

Now, we consider the curvature tensor associated with the connection D , denoted by 
1Z D and defined by 1Z D (X, Y) = D x Dy — DyD x — Dy XY y We can prove the following 

Lemma 3.4. The connection D is flat, that is, 1Z D = 0. 


Proof: Let X,Y,Z G T(TM) and v G T(E). We will prove that H D (X, Y)Z = 0, H n (X, Y)u = 
0 and TZ D (X,Y)^i = 0 for any i G {1, • • • , m}. Then by linearity of the curvature 7 Z D in its 
third argument, we will get that 1Z D = 0. First, we have 


DxDyZ 


V X V Y Z + B(X, V yZ) - ^ ctgifiX, VyZ)& + V^B{Y, Z) - A B{YZ) X 

i =1 


-E c * 


g(B(Y, Z),hiX)Zi + (.fiX + hiX) + glVxfX Z)& + g{fiY, V X Z)& 


Therefore, we get 


K D {X,Y)Z 


R(X, Y)Z - ^ a \g(fiY, Z)fiX - g(fiX, Z)f t Y 

i =1 


—A B (y t z)X 


■ A B ( X ,z)Y 


+(X X B)(Y, Z) - (X r B)(X, Z)-Y, c > Z ) h > X - 9{fiX, Z)h t Y 

2=1 


— 'y ^ c i ^((Vx/i)y — A-hiYX + SiB{X, Y), Z^j 
2=1 


-J2 Ci 


g({Xyfi)X - A hiX Y + Si B(X, Y), Z) 


0 
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by using the Gauss equation (first line), the Codazzi equation (second line) and equation © 
(third and fourth lines). Similarly, we have 


D x D y Zv = V x A v Y-B(X,A„Y)-A v i. v Y 

m 

+ Y, Ci [9(f* X > + 9{v, hiY)(fiX + ha) 

2=1 
m 

- Ci h i x ) - hiY)g{v, WxhiY) 

2=1 


And hence, 


h d {x,y)v 


R^{X, Y)v - B(X, A v Y) + B(Y, A„X) ~J2 Ci v)hiX - g{ha, v)KY 

2=1 


+X Y A a + A V ±^X — V x-Aa ~~ A-x^i/Y — Cj 

i=1 


g{hiY, v)fa - g(ha, v)fiY 


m 

gtfiX , A„F) - 3(1/, (V Y hi)X) + g(UB(X, Y), u) 

2=1 



+ ^(/iF, A„X) - 3(1/, (Vjtfci)y) + F), u) . 

i=l 

The first line in the right hand side vanishes due to Ricci equation. The second line vanishes by 
Codazzi equation and the third and fourth lines vanish by using equation m- Finally, for any 
* 6 {!,••• ,m}, we have 


Hence, 

K d (X,Y )&• 


DxDvtj = VxfjY + B(X, fjY) - ^ *g(fiX, fcY )& 

2=1 

m 

+XxhjY - A hjY X - ^2 c ig(ha, hiYfa. 

2=1 


= (Va/,)F - A hjY X - 8j B(X, F) - (y Y fj)X + A hjX Y + Sj B(X, Y) 
XxhjY + B(X, fjY ) - tjB(X, Y) - X^hjX - B(Y , fjX) - tjB{X, Y) 
= 0 


by equations © and (HOD . Thus, we get that the connection D is flat. 


□ 


We define now for any i £ {1, • • • , m} the map 7Tj : F —>■ F by 

na = fa + ha , 

7 Til/ = SiU + 

Xifj = Sjfj, 

for any X £ T(TM) and any v £ F(E). We have the following properties 

Lemma 3.5. For any i £ {1, • • • , m}, the map 7Tj is symmetric with respect to g, parallel with 
respect to D and 

(1) TTi O TTi = 7Tj, 
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(2) TZi *i = Id F . 


Proof: The symmetry is clear because of the symmetry of _/}, t,,; and the fact that Sj is the dual 
of h,. The fact that 7ij is I?-parallel comes from the definition of D and equations (© to m- 
Indeed, we have for X,Y £ F(TM), 

(D X TTi)Y = DxfcY) - Wi(D x Y) 

= D x {fiY + h t Y) - 7Ti |v A W + B(X, Y )~fl C MX, Y)^ 

m 

= Vx(frY) + B(X, fiY) - Y c k g(f k X , /&)& 

k =1 

m 

+Va (hiY) - A hiY X - Y c k g{h k X, hiY)£ k 

k= 1 

- fi(X x Y ) + hi(y x Y) - SiB{X, Y) - UB(X, Y) + ag(fiX, Y)&. 

By the use of equations © and m, we get 

m 

{Dxm)Y = agtfiX , Y)£i - Y Ck [aUkX : fiY) + g(h k X, hiY)£ k 

k =1 
m 

= ag(fiX, Y)€i - Y °k \g(fi 0 fkX + s* O h k X, Y) 

fc=l 

= 0 , 

since, by ©, we have fi°fk+Si°h k = dffi- The computations are analogous for a section v 
of E or for one of the . 

The relation nt o m = n\ is obvious from the definition of i q and relations © to ©. Finally, 
we get immediately that 7r * = Idp from the definition and assumption ©. □ 


We consider the subsets F l of F defined by 

F l = £ F | TTja = dja for any j £ {1, ■ ■ • , m} j. 

Note that, since the tt,; are symmetric, then the subbundles F l are orthogonal with respect to g. 
We finally need a last lemma 


Lemma 3.6. For any i £ {1, - - - , to}, there exists orthonormal n, + 1 parallel sections 
vlr-- i°h i+ i of F\ 


Proof: Let p be a point of M. For any i £ {1, • • • , m}, let {v\, • ■ • , u* +1 } be an orthonormal 
basis of Ff, which is of dimension to + 1 by the assumption on the rank of 7r*. Moreover, since 
clearly belongs to F iy we can choose vj = y/|cj|£i(p). Thus, we have g(v\,v\) = sign(cj) and 
g(v k , v k ) = 1 for k £ {2, • ■ • , rii + 1}. Since the F l are orthogonal, the set of all vf forms an 
orthogonal basis of F p . Now, since the connection D is flat and M is simply connected, then for 
any i £ {1, • • ■ , to} there exists a family of parallel sections a\, ■ ■ ■ , cr^.+i, such that cr}(p) = v l k . 
Moreover, since D is compatible with the metric g , then the sections are orthonormal. Finally, 
since the maps 7r are D-parallel, then, for any i £ {l,--- ,m} and any k £ {l,--- ,n, + 1}, 
7Tj (crjj.) = that is a l k is a section of F l . This concludes the proof of the lemma. □ 
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We will construct now the isometric immersion from M into P. For this, we consider 
the following functions. For ie{ 1, • • • , to} and k £ { 1, • • • , m + 1}, let p\ be defined by 

<Pk = 

The candidate for the isometric immersion is 

p : M —>• Ei x • ■ ■ x E m , 

where E, is the Euclidean space R™ i+1 if c.j > 0 and the Minkowski space h ni+1 if c.j < 0. We 
will show that the map p goes into P C Ei x • • • x E m and satisfies all the properties stated in 
Theorem 13.21 
First, we have 


, Ui+l 

— = mti) = o-fe) 

1 k =l 

rii -\-1 

= sign(ci)ff(^, a\f + ^ <?(&, 0fc) 2 
k =2 

rij + 1 

= sign {ci){p\) 2 + 

fc=2 

Thus, we get that (p\,--- , P l ni +i) G Mj, the rii-dimensional simply connected space form of 
curvature Cj, and so, p(M) lies in P. 

Now, we will show that p is an immersion. For this, let p £ M and v £ T p M so that p*(v) = 0. 
From the definition of p , the fact that p*(v) = 0 implies 


9{<T % k(p),niv) =g(v\,-Kiv) = 0 , 


for any i £ {1, • • • , to} and k £ (1, • • • , n, + 1}. Since, for any i, {v z k } is an orthonormal basis 
of Fp, we get that TTiV = 0. Moreover, from Lemma IUhl = I dp, then v = 0. This holds 

for any p and any v, so we get that p is an immersion. 

Moreover, for v, w £ T p M , we have 


m / n^+1 \ 

(pt,(v),p*(w)) = ^2 ( si & n ( c i)g( cr b 7r i v )9( a l^ 7T i w ) + 5Z 9( a ii' K i v )g{vi’' K i w ) I 

2=1 \ k =2 / 

m 

= ^gi^iv^iw) 

2=1 

= g(v,w), 

where (•, •) is the (pseudo)-Euc.lidean metric on Ei x ■ • ■ x E m . Hence, p is an isometric immersion 
from M into P. 

Now, we define the following bundle isomorphism 


$ : E —T(Ei x • • • x Em) MM) , 
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by $(crj|.) = e\, where ,e l n . +1 } is the canonical frame of TEi restricted to For 

X £ T(TM), we have 

m 1 

= EE 9{X,ai)ei 

i=l k=l 
m rij + 1 

= E E 9(^iX,al)e z k 

i— 1 k= 1 

= MX). 

Moreover, for any i £ {1, • • ■ , m}, we have 

nj +1 n-i + 1 

$(&) = E 9(Zi> a k) e k- = E Ml- 

k=l k= 1 

Hence, $(£?:) is the normal direction of Mi in Ej. Since is an isometry of the fibers, we deduce 
that $(if) is the normal bundle of ip(M) in P. We denote by <p the restriction of $ to 

E. It is clear that <p is an isomorphism of vector bundles between E and 

Since $ sends the orthonormal parallel sections {cr l k } of F onto the orthonormal parallel sections 
{e l k } of Ei x • • • x E m , we have 

(13) HD X Y) = vl (x) Mn 

( 14 ) *{Dxv)=V° v . {x) v(y), 


(15) HDxb) = V£. (JC) *&), 

where V° is the Levi-Civita connection of Ei x • • • x E m . 

For any i £ {1, ■ ■ • , m}, we define the map 7fj = $ o 7Tj o $ _1 . From this definition, it is clear 
that 7r i(e J k ) = Sjei. Then, it follows that the maps 7fj are symmetric, parallel along <p(M) and 
satisfy 7r* 07 tj = 5jni and = IdT(Eix---xE m )- Thus, it is clear that these maps are the 

restrictions on <p{M) of the projections on each factor TE^ of T(Ei x • ■ ■ x E m ). 

Moreover, from the definition of 7 f*, we deduce immediately that 

7T i(<p*X) = MfiX) + $(hiX), 


and 

Indeed, we have 


7Tj(<F£) = ip t (SiX) + $(£*£)■ 


M<P*X) = SfopO) = $(/W + hiX) = MfiX) + p(hiX), 


and 

MM)) = 4>(tT j(l/)) = + hiu) = ip*{si v ) + Mi v )- 

Finally, we will prove that the second fundamental form is given by B and the normal connection 
is given by V. From Equation m, we have 

K,(x)MY) = $>(D X Y) 

m 

= *(yxY + B(X,Y)-'52 c i g(f i X,Y)Z i ) 

i= 1 

m 

= MXxY) + <p(B(X, Y)) - E Ci9(fiX, T)d>te). 

i =1 
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Then the normal part in TP is ip(B(X, T)), which implies that the second fundamental form of 
the immersion tp is ip o B. Moreover, from Equation (1141) . we have 

= HDxv) 

m 

= §(y x v - A„X - Y j ag(hiX, v)fj) 

1=1 

m 

= w(X x v) +ip*(A v X) -y^ag(hiX, u)$(&). 

2=1 

Thus, the normal part in TP is ip{S7 x v) and we deduce that V{f(v) = <p(S7xi')- Then, we get 
= £>V. This concludes the proof of the existence in Theorem 13.21 

Now, we will prove the uniqueness of this isometric immersion up to an isometry of P. 
This follows directly from the following proposition. 

Proposition 3.7. Let p,<p' : M —> P be two isometric immersions with respective normal 
bundles E,E' and second fundamental forms B,B'. Let fi, hi and f[, h[ be the (1, l)-fensors 
defined by m for (p and <p' respectively. Assume that 

i) fiX = flX for any i G {1, • • • , mj and X G T(TM), 
ii) there exists an isometry of vector bundles <f> : E —> E' so that 

<t>(hiX) = hlX, 

B(X,Y)) = B'(X,Y ), 

</>(V A -u) = 

for any i G {1, • ■ ■ , to}, X , Y G T(TM) and v G E. 

Then, there exists an isometry a of P such that <p' = a o ip and a*\E = </>• 

Proof: We give the complete proof for c m ^ 0, the case c m can be proven with a minor 
modification. 

As previously, we denote by {e|}, for i G {1, ■ • • , to} and k G {1, ■ • • , rij +1} the canonical frame 
of Ei x • • • x E m . Hence, we denote by and (> p')\ the components of <p and tp' respectively in 
the frame {e}}. We consider the map G : M —y GL(Ei x • • • x E m ) defined by 

G P (M>Q) = <p’.{x), 

G P (y) = 

G P (di) = & 

for any i G {1, • • • , to}, 1,7 G T(TM) and v G E, and where fi and f' are defined by 

7li+l 

& = ^k e k 
k =1 

and 

7li + l 

k =1 

We will show that the map G is constant, that is, that it does not depend on the point p. First 
of all, we remark that for any i and any X G T(TM), we have = TTi(ip*(X)), where 7Tj 

is the projection on TE^ and V° is the Levi-Civita connection of Ei x • • ■ x E m . Now, we will 
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show that V°G = 0, or equivalently that V Y (G(U)) — G(X\V) = 0 for any X G T(TM) and 
V G r(T(Ei x • • • x E ra )|j,( M )). 

First, for V G ip*(TM), that is, V = p*(Y) with Y tangent to M, we have 

X° x (G(MY)))-G(X° x MY)) = V° x <f/.(Y)-G{' P .(VxY) + B{X,Y)) 

m 

+Y, c i9(f i (x),Y)e i 

i= 1 

m 

= vWxY) + B'(X, Y)-J2 cM(X), Y)& 

2=1 

m 

-GiMVxY) + B{X, Y)) + ^ c l9 (MX), Y)£ 

2=1 

= 0, 

since, by assumption, faX = f[X and cf>(B(X,Y)) = B'(X,Y). Now, if v G E, we have 

m 

V° : (G(v))-G(X° x v) = -A' H „ ) X + x' x cl ) (v)-Y / c i g^),K(X))e 

2=1 

-G A V X + X x v - Cig{<j>(v), hj(X))^j 

= 0, 

since by assumption, <f{B(X,Y)) = B'(X,Y), <j)(hiX) = h\X and </>(V x v) = X' x (j){v). 

Finally, we have 

v° y (G(0) - G(V<U) = mirtiX)) - G( TTiiMX))) 

= v'M'x) + KX - G(y»* (fix) + hiX) 

= 0, 

since fiX = f-X and 4>(hiX) = ft-'X. 

Hence, we get that the map G is constant along M. □ 

Uniqueness up to rigid motion is proved, which concludes the proof of Theorem 13.21 

□ 


4. Associated families of minimal surfaces and pluriminimal Kalher hypersufaces 

In this section, we use Theorem 13.21 to prove the existence of associated families of minimal 
surfaces into the multiproduct P. 

Let (£,< 7 ) be an oriented Riemannian surface. We denote by J its complex structure, that is, 
the rotation of angle \ on TM . For any 9 G M, we set 7 Zg = cos (6)1 + sin (9)J. Remark, that 
7 Zg is parallel. First, we have the following proposition. 

Proposition 4.1. Assume that (£, g, £’,(/, V, 77, fi,hi,ti) satisfies the compatibility equation for 
P and that B is trace-free for any f G E, then (£, g, 77,g, V, Bg, fi : g, hi^,t y g) also satisfies the 
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compatibility equations for P, where 

Be(X,Y) = B(UgX,Y), 
fi,e = fte o ft oft" 1 , 
hi# — hi o 7^0 , 
ti,0 = 

Moreover, Bq is also trace-free for any £ G E. 

Proof: First, from the definition of f^g, hij and t^g and the fact that 

fi° fj + Siohj = 6jfi, 
ti O tj + hi O Sj = Sjti, 
fi o Sj + Si o tj = Sj Si, 
hi o fj + ti o hj = S{hi , 

we get immediately that Up and U ,0 are symmetric and 

fiP o fjp T Sip o hjp = ^ifi^g, 

U,6 O tjp -\- hip O Sjp — S.itip , 
fi,9 ° Sj,6 + Sip O tjp = SjSip, 
hip o fjp + Up o hjp = Sf hip. 

It is also clear that with this definition, the rank of nip is the same that the rank of 7 iy and that 

mm m 

ftp = Id-TM, ^ Up = IdE and ^ /fte = 0 . 

2—1 2—1 2—1 

Now, we will show that analogues of Equations 0-0 are satisfied for 
(E, < 7 , ft, <?, V, Bg, fip,hip,tp). First, we have for X,Y tangent to E 

V A :fipY-fip{V x Y) = Vx(ft 9 / ! ft e - 1 F)-ft e /,;ft- 1 (V x E) 

= fteVxC/.ft^y) - Hgfill^iVxY), 

since ftg is parallel. Moreover, using ©, we get 

VxfipY-fip(VxY) = neA hi(K -i Y) X + K e s l (B(X,K^ 1 Y)) 

+ngf l Kg 1 {V x Y) - Kgh(y x ^ l Y) 

= A e hi (jY X + Sip (Bg{X, Y )), 


which is the desired equation. The two other equations can be shown in a similar way. 
Finally, we prove that Gauss, Codazzi and Ricci equations are also fulfilled. 
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First we consider the Gauss equation. We notice that, for a surface, we have 

+ Ag Bg (Y,z)X — A e Be ( X ,z)Y 

I Z det Aq 


E Ci 
1 = 1 

m 

= E 


(f i>e Y,Z) f i>e X - (f i>e X,Z) f it0 Y 

Hefillg'X AKefiUg'Y 


i=1 
m 


= ^ ct det TZgfiTZ g 1 + det Ag = a det fi + det A = R(X , y)2T 

i-I i=l 

since determinants are invariant under rotations. Hence Gauss equation is satisfied. 

Let V xAq = VxAgY — AgVxY — Ag v±ly Y. Considering now Codazzi equation, we have, using 
the property of hi, 

(X x Ag)Y — (VyAg)X = Tlg\{X x A v )Y -{S7 Y A V )X 

m 

= Kgf^ 


i=1 


fiY (X, Siv) — fiX (y, Siv) 

m m 

Tie ^2 A Y ) s % v = E c ^efi(X A Y)TZg 1 TZ g s i i' 

i=1 i=1 

m m 

'^2ci(Kefi'llg 1 X A Y)sifiv = y 'cj(fi t gX A Y)s^ e u 


i=1 


E Ci {X, s i,0 v ) - fifiX (Y, Sifiv) =Y^Ci fifiY {hifiX, v) - 


£=1 


and Codazzi is satisfied. 

Similarly we get for the Ricci equation, using the properties of the wedge product 


R J 


i=l 


(X,Y)£ = hiU^X Ahillg lY Z + B e (A ei Y,X)-B e (A ei X,Y) 


= E- 


i=1 


hiX A hiY 


£+ B(A i Y,X)-B(A i X,Y) 


Since the surface is minimal, the shape operator anti-commutes with J 




B%(A 9i Y, X) - B v e {A ei X, Y) = ([. Ag v , Ae^X, Y) = {{'R g A,'R e A i - TZgA^UgA^X, Y) 

= ((A u TZg 1 TZgA i - A^Tig 1 TZgA v )X, Y) = {[A v , A^X, Y). 

Finally, let (ei,e 2 = Je i) be a local orthonromal frame of E. We have 

tr(Bg) = Bg(ei,ei) + Bg(e 2 ,e 2 ) = B(H g ei,ei) + B(Hge 2 ,e 2 ) 

= cos9[B(ei,ei) + B(e 2 ,e 2 )] = 0, 


since B is trace-free. □ 

From this proposition, we can prove easily the following theorem about associated fami¬ 
lies of minimal surfaces in multiproducts. Namely, we get the following statement. 


fi,eX(hi, e Y, v) , 
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Theorem 4.2. Let Y be a simply connected surface and x : M —> P be a conformal minimal 
immersion with normal bundle E, second fundamental form B and normal connection VW Let 
fi, hi, Si and ti be the (1,1 )-tensors induced by the projections 7 r*. Let po £ E. Then, there 
exists a unique family (xg)g^M. of conformal minimal immersions xg : E — > P so that 

i) xg(p 0 ) = x(p 0 ) and d(xg) Po = (dx) Po , 
ii) the metric induced by X and Xg are the same, 

in) the second fundamental form fo xg(Y) in P is given by Bg(X , Y) = B(RgX , RgY), for any 

X,Y e r(TE). 

iv) for any i £ {1, • • • , m}, X £ r(TE) and £ £ r(i?), 

7 Ti(dxgX) = dx e (fi,eX) + hijX and 7q(£) = dx e (s it gX) + fagX, 

Moreover, Xq = x and the family (x$)g e s. Is continuous with respect to 9. 

Proof: We just proved that (E, g , E,g, V, Bg , fag, hi,g, t,g) satisfies the compatibility equations 
for each 9. The theorem is then a direct consequence of theorem 13.21 The continuity is ensured 
by the construction of Theorem 13.21 □ 


5. Surfaces in § 2 x § 2 


Let J be the complex structure on § 2 . We consider the following complex structures on § 2 x § 2 


Ji = (J, J), J 2 = (J, -J). 

Obviously J\ and J 2 commute with each other and the projection 7 Ti and 7 r 2 on each of the 
factors are given by 

Id + Ji J 2 Id — Ji J 2 

771 = - 2 -’ " 2 = - 2 -■ 

From equation © we get 

(16) R(X, Y)Z = [(y, Z)X - (X, Z)Y ] + [{faY, J 2 Z)J l J 2 X - {faX, J 2 Z)J x J 2 Y\ . 


Let now E be a surface isometrically immersed into § 2 x S 2 . For i £ {1,2}, we define four 
operators j, : TE —> TE, ki : TE —> NY, : NY —> TY and mt : NY —> NY such that 
Ji = ji + hi + li + mi. 

From J\J 2 = J 2 J\ we get the following equations 

(17) jij 2 +hk 2 = j 2 ji + l 2 k 1 , 

(18) kij 2 + mik 2 = k 2 ji + m 2 k 1 , 

(19) jil 2 + hm 2 = j 2 h + hmi, 

(20) k\l 2 + mim 2 = k 2 li + m 2 mi. 


The property J 2 = — Id yields 

( 21 ) 

( 22 ) 

(23) 

(24) 


ji + hki = - Idrs, 
kiji + miki = 0, 
jih + hmi = 0 , 

hh + m 2 = - Id ate • 
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Moreover the fact that the operators Ji are antisymmetric implies the antisymmetry of the 
operators ji as well as the property ( kiX , v) = — (X, Lv). 

The parallelity of Ji gives 

(25) Vx(jzF) - ji{V x Y) = A kiY X + U(B(X, Y)), 

(26) Vi(fciF) - ki(X x Y ) = rm(B(X, Y)) - B(X,j t Y), 

(27) VximiO - = -BQ&X) - k^X), 

(28) VxfoO - Zj(ViO = ~ji{.MX) + X. 

Finally, from (fl 6 l) . we get the Gauss equation 

1 + ((jiei, j 2 e 2 ) + (feiei,fe 2 e 2 )J ({j\e 2 ,j 2 ef) + (fcie 2 , fc 2 ei)) 
-( 0 'i e i>J 2 ei) + (feiei,fe 2 ei)^ [{j\e 2 ,j 2 e 2 ) - {k 1 e 2 ,k 2 e 2 ) s j 
+2| J ff| 2 -^!, 
the Codazzi equation 


(29) X = | 


(30) 


(V x B)(Y,Z)-(X y B)(X,Z) = 

x (Y, (jij 2 + hk 2 )Z)(kij 2 + m\k 2 )X - (X, (jij 2 + hk 2 )Z)(k\j 2 + mik 2 )Y , 


and the Ricci equation 


(fcij 2 + m\k 2 )e 2 , vf) {{k\j 2 + mifc 2 )ei, iz 2 ) 

(fcij 2 + mik 2 )ei,ui) ((kij 2 + mik 2 )e 2 , v 2 ) 

+{[A V2 , A Vl ]e i,e 2 ]). 

Remark 5.1. /n [llj t/ie Gauss, Codazzi and Ricci equations are expressed with the help of the 
two Kahler functions C\ and C 2 : E —>• R defined by <p*u>i = CiUJy, i = 1,2, with ws Z/ie area 
/orm on Y. A tidious but straightforward computation shows that those two formulations are 
equivalent. 


(31) K ± = 


Now, we are able to reformulate the main theorem in the case of § 2 x § 2 in terms of complex 
structures instead of projections on each factor. 

Corollary 5.2. Let (E 2 ,g) be a Riemannian surface and ( E , (•, •)&, V E ) a rank 2 vector bundle 
over E endowed with a scalar product and a compatible connection. Suppose that there exists a 
symmetric (2, 1)-tensor field B : T E x T E —> E and eight operators ji : TY —> T E, fcj : T E —> E, 
li : E T E and mi : E — > E, i = 1, 2 satisfying conditions 03 to (E51) and the Gauss, Codazzi 
and Ricci equations HMD, m and m- Then, there exists a unique (up to isometries of § 2 x§ 2 ^ 
isometric immersion from E into § 2 x 8 2 with E as normal bundle, B as second fundamental 
form and such that the restrictions of the complex structures Ji over E are given by ji, ki, h and 
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Proof: Define the following operators 

fi = Wte +jij 2 + hk 2 , /2 = Mte — jij 2 — hk-2 
hi = kij 2 + mife, = — h 2 , 
si = jih + h m 2 = S 2 

ti = He+ kih + rmm2, t2 = He— kih — 7niin2. 

We can show easily that equations m to (1311) imply that these operators satisfy the compati¬ 
bility equations for § 2 x S 2 given by Definition 13.11 The conclusion follows easily from Theorem 

[3721 □ 

Remark 5.3. We remind (see for example mu that an immersion <p : £ —> S 2 x § 2 is called 
complex if it is complex with respect to Ji or J 2 . It is called Lagrangian, if it is Lagrangian with 
respect to Ji or J 2 . 


First Case: Y is a complex surface with respect to one of the complex structures Ji. Then it is 
automatically minimal. Moreover ki = f = 0, ji and mi are parallel complex structures on TY 
and NY respectively, and j 1 commutes with j 2 , as well as mi with m 2 - Assume without loss 
of generality that Y is complex with respect to Ji, then the Gauss, Codazzi and Ricci equations 
simplify to 



1 + (jiei, ji e 2 )(jie 2 ,^ 2 ei) - {jiei, j 2 ei)(jie 2 , j 2 e 2 ) 


\B \ 2 


2 


(y x B)(Y,Z)-(y Y B){X,Z) 


(Y,jij2Z)mik 2 X - (X,jij2Z)mik 2 Y , 


K 1 


(mik 2 e 2 , vi) (mifc 2 ei, v 2 ) - (mifc 2 ei, iq) ( mik 2 e 2 , u 2 ) 


+ {{Av 2 , A Vl ]ei, 62 ]). 


Notice that the only examples of complex surfaces with respect to both complex structures Ji and 
J 2 are slices § 2 x p = {(a:,p) £ S 2 x § 2 |a: G § 2 } and p x § 2 = {(p, x) € § 2 x S 2 |x G § 2 }. 


Second Case: Y is Lagrangian with respect to Ji, then ji = m-i = 0. Assuming again without loss 
of generality that Y is Lagrangian with respect to J \, the Gauss, Codazzi and Ricci equations 
simplify in the following way 



1 - (fciei, k 2 e 2 ){kie 2 , k 2 ei) + (fciei, k 2 ei)(kie 2 , k 2 e 2 ) 


+ 2\H\ 2 


\B \ 2 


2 


{X x B)(Y,Z)-[X y B)(X,Z)= 1 - 


{Y, hk 2 )Z)k 1 j 2 X - (X, hk 2 Z)kij 2 Y , 


K ± 


{kij 2 e 2 , vi) (kij 2 ei, u 2 ) - (fci^ei, vi) {kij 2 e 2 , u 2 ) 


+ <[^ V-2. 5 ]ei,e 2 ]>. 


Notice that Y is Lagrangian for both J\ and J 2 if and only if it is the product <p(s, t) = (a(s), /3{t)) 
of two curves a,/3 in § 2 . The Clifford torus is the only example of a minimal such surface. 


Third Case: £ is Lagrangian with respect to Ji (hence j 1 = mi = 0) and complex with respect 
to J 2 (hence k 2 = I 2 = 0)- 

k = 1-13!, 

2 2 ’ 


(V X B)(Y,Z) - (V Y B)(X,Z) = 0, 

fkij 2 e 2 ,vf) {kij 2 ei,V 2 ) - {kij 2 ei,vi) fkij 2 e 2 ,V 2 ) 


Ji x = 


T ( \Av 2 , A Ul ]ei, e 2 \)• 
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The only example of such a surface is the diagonal D = {( x,x ) eS 2 x S 2 |ar G § 2 }. 
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